We study phonon-drag contribution to the thermoelectric power in a quasi-two-dimensional electron system confined in GaAs/AlGaAs heterostructure in presence of both Rashba spin-orbit interaction and perpendicular magnetic field at very low temperature. It is observed that the peaks in the phonon-drag thermopower split into two when the Rashba spin-orbit coupling constant is strong. This splitting is a direct consequence of the Rashba spin-orbit interaction. We show the dependence of phonon-drag thermopower on both magnetic field and temperature numerically. A power-law dependence of phonon-drag magnetothermopower on the temperature in the Bloch-Gruneisen regime is found. We also extract the exponent of the temperature dependence of phonon-drag thermopower for different parameters like electron density, magnetic field, and the spin-orbit coupling constant.
I. INTRODUCTION
Low-temperature measurement of thermoelectric power provides an important tool for probing electronic and transport properties of various low-dimensional systems. Extensive investigations on magnetothermopower measurement [1] [2] [3] [4] [5] [6] [7] [8] [9] in two-dimensional electron system (2DES), formed at the interface of GaAs/AlGaAs heterostructure, were initiated in mid-eighties. Electron diffusion and phonon-drag are the two additive contributions to the thermopower. The drift motion of electrons, due to external perturbations like temperature gradient or electric field, is entirely responsible for the diffusion thermopower. On the other hand phonon-drag thermopower originates as an outcome of the interaction between electrons and phonons. In low density semiconducting systems a tiny fraction of acoustic phonons with wave vector q ≤ 2k F (where k F is the Fermi wave vector) interact with electrons below a certain characteristic temperature T BG = 2 v s k F /k B (where v s is the sound velocity) because of the phase space restriction. The temperature regime defined by T ≤ T BG is usually known as the Bloch-Gruneisen 10,11 (BG) regime. In BG regime the diffusion thermopower S d varies linearly with temperature whereas the phonon-drag thermopower S g shows a power-law dependence S g ∼ T δe , where the effective exponent of the temperature dependence δ e varies for different systems as well as for different scattering mechanisms of electron-phonon interaction. Past experimental 12 and theoretical 13 works established that S d (S g ) dominates over S g (S d ) at temperature below(above) 1 K. In inversion asymmetric semiconducting heterostructures two different mechanisms are responsible for the electron-phonon interaction. They are known as deformation potential (DP) and piezoelectric (PE) scattering potential. Lattice deformation leads to the potential energy change of electrons to produce DP scattering potential. On the other hand potential energy corresponding to the induced electric polarization due to crystal vibrations is known as PE scattering potential.
There are two equivalent methods available in the literature for the calculation of the phonon-drag contribution to the thermoelectric power. According to Herring 14 , they are known as the "Q-approach" and the "Π-approach". The equivalency of the two approaches is confirmed by the Onsager symmetry and the fundamental relationships between these approaches have been established in recent past 15 . In the "Q-approach" a weak temperature gradient ∇T is applied so that electrons and phonons move in directions opposite to each other. The flow of electrons causes the diffusion thermopower S d . As a consequence of electron-phonon interaction a finite fraction of momentum is transferred from phonons to electrons which drags electrons in the opposite direction and phonon-drag contribution to the thermoelectric power comes into the picture. Several authors [16] [17] [18] [19] have calculated phonon-drag thermopower in various electronic systems in this approach by solving coupled Boltzmann equations for both electrons and phonons. On the other hand in the "Π-approach" a very weak electric field E is applied to cause electrons drift. In this case, since no temperature gradient is applied (i.e. ∇T = 0), phonons are in equilibrium. Interaction between electrons and phonons leads to transfer of momentum from electrons to phonons which produces a finite phonon heat current. In this way phonon-drag contribution to the Peltier coefficient can be determined. Many authors 20-24 calculated phonon-drag thermopower of a 2DES in a perpendicular magnetic field using Π-approach.
Recently, 2DES with spin-orbit interaction [25] [26] [27] (SOI) has become an emerging area of research due to its potential application for developing spintronic devices [28] [29] [30] 44 has been used theoretically to calculate the strength of RSOI by analyzing the beating patterns obtained in the thermoelectric coefficients.
In this paper we calculate phonon-drag thermopower of a 2DES confined in a GaAs/AlGaAs heterostructures in presence of both perpendicular magnetic field and RSOI at very low temperatures. An oscillatory behaviour of phonon-drag thermopower with the applied magnetic field is found. It is found that at higher values of magnetic field strong Rashba coupling is able to split the peaks appearing in phonon-drag thermopower. This kind of splitting is considered as a direct effect of RSOI. The number of oscillations in the thermopower increases with electron density also. We study the behaviour of phonondrag thermopower with temperature for various values of magnetic field, electron density and Rashba spin-orbit coupling constant. At very low temperature (BG) regime a power-law dependence of phonon-drag thermopower is observed. The exponents of this temperature dependence have been evaluated numerically for different parameters. It is established that the RSOI causes a stong suppression in the effective exponent of the phonon-drag thermopower.
This paper is organized as follows. In section II we present detailed theoretical calculations. In section III numerical results and discussions are given. We summarize our work in sec IV. Some calculations are shown in detail in the Appendices.
II. THEORY A. Basic information of the physical system
We consider a quasi-2DES confined at the interface of a GaAs/AlGaAs heterostructure. Electrons are restricted to move in the x-y plane due to a confining potential of triangular type in the growth direction (say, the z-direction). We assume that only the lowest subband in the z-direction is occupied. The total wave function can be written as Ψ(x, y, z) = Ψ(x, y)ξ 0 (z), where , where m * , κ, ε 0 , n d and n e are effective mass of an electron in GaAs, dielectric constant of GaAs, permittivity of free space, depletion charge density and density of electron, respectively.
The single particle Hamiltonian 43,46 of a Rashba spinorbit coupled 2DES in the presence of a perpendicular magnetic field along z-direction can be written as
where P = p+eA with A as the vector potential, α is the Rashba spin-orbit coupling constant, σ i 's are the usual Pauli spin matrices, g * is the effective Lande g-factor and µ B is Bohr magneton. To solve Eq. (1) we consider the Landau gauge A = (0, Bx, 0).
The eigen spectrum is given by
where λ = ±, ω c = eB/m * is the cyclotron frequency and l 0 = /eB is the cyclotron radius. For n = 0 there is only one level with energy ǫ 0 = ( ω c − g * µ B B)/2. The eigenfunctions corresponding to ǫ λ n are respectively given by
and
Here k y is the y-component of electron wave vector k,
is the harmonic oscillator wavefunction centered at x = −x 0 . The coefficients D n and A n are given by
n . The eigenspinor corresponding to n = 0 state is
The density of states (DOS) is given by
Considering Lorentzian broadening of the Landau levels the DOS can be written as
where Γ L is the Lorentzian broadening parameter. The chemical potential µ can be determined by the following condition
where f 0 (ǫ) = 1/(e β(ǫ−µ) + 1) with β = 1/(k B T ) is the usual Fermi-Dirac distribution function.
B. Phonon-drag Thermopower
To calculate phonon-drag thermopower we follow the "Π-approach" as described in Reference 24 . Since there is no temperature gradient (i.e. ∇T = 0) the transport equations are quite simpler as J = ← → σ E and U = ← → Π J, where J, U, ← → σ and ← → Π are electron current density, phonon heat current density, conductivity tensor and Peltier coefficient tensor, respectively. According to Kelvin, the thermopower and the Peltier coefficient are related thermodynamically as T ← → S = ← → Π . The phonon heat current density is given by
where L 2 is the area of the sample, the index s represents particular phonon mode, v qs is the phonon velocity, ω qs is the phonon frequency and finally the shift in phonon distribution is N 
Here, the 1 st term represents the rate of change in phonon distribution due to electron-phonon interaction and 2 nd term arises from various scattering processes such as phonon-phonon scattering, surface roughness scattering etc. In the relaxation time approximation the 2 nd term of Eq. (9) can be written as
where τ p is the phonon relaxation time. Substitution of Eq. (10) into Eq. (9) yields
Now the rate of change in phonon distribution function due to electron-phonon interaction is given by
where ν ≡ (n, k y , λ) represents the quantum numbers, f i (ǫ i )'s are the electron distribution functions, P ab νν ′ (P em νν ′ ) is the probability which is responsible for making transition of an electron from the initial state ν to the final state ν ′ with the absorption(emission) of a phonon. According to the Fermi's golden rule we have
where |M νν ′ (q)| 2 is square of the matrix element responsible for the electron-phonon interaction and N 0 q = 1/(e β ωq − 1) is the equilibrium Bose distribution function. Finally + and − signs in the parentheses represent emission and absorption, respectively. A detailed description of |M νν ′ (q)| 2 is given in Appendix A. The applied electric field is vanishingly small so that one can linearize Eq. (11) about the equilibrium value. To do this we write the electron distribution function as
. So Eq. (11) can be written as
where
Since the applied electric field is very small, it can be treated as a perturbative term in the Hamiltonian. Using the 1 st order perturbation theory the energy eigenvalue of a state ν in the presence of E can be modified as
is the unperturbed energy spectrum given by Eq. (2). The expectation values of x are given by
Therefore, Eq. (14) can be written as
The components of the heat current density can be written as (16) and
Now the conservation of momentum in y-direction forces us to write x ν ′ − x ν = −q y l 2 0 . Also we have v qx(y) = v s q x(y) /q. With these substitution Eqs. (16) and (17) become
If we evaluate all the summations involved in the above equations one can readily obtain U x = 0 and this is quite obvious because the application of an electric field along x direction causes a drift current in y direction in presence of a magnetic field in z direction. For a particular phonon mode s U y is given by (detailed calculations are given in Appendix B)
where |C qs | 2 , F nn (q ) and I z (q z ) are the square of the matrix element for various mechanisms of electronphonon interaction, the in-plane and out-of-plane form factors, respectively. In deriving Eq. (20) we have considered only the intra-Landau level (i.e. n = n ′ ) and intra-branch (i.e. λ = λ ′ ) scattering because at very low temperature inter-Landau level 8 and inter-branch contributions to the thermopower are negligibly small. Now the phonon-drag thermopower 22,23 can be written as
where the Hall resistivity in presence of RSOI is given by 47 ρ xy ≃ (B/n e e)(1 + k
III. NUMERICAL RESULTS AND DISCUSSIONS
In this section we present all the numerical results obtained by solving Eq. (21) In Fig. 1 we present the dependence of the phonondrag thermopower on the applied magnetic field at a fixed density n e = 5n 0 and a fixed temperature T = 2 K. Two panels (a) and (b) of Fig. 1 represent DP and PE scattering, respectively. Different curves are plotted for different values of α. It can be seen that the amplitude of S xx decreases gradually with the increase of α. One interesting fact is that at higher values of magnetic field the peaks in S xx corresponding to the α = 0 split into two as α increases. The two split peaks are well separated from each other at higher values of α (say, α = 4α 0 ). To explain the origin of this splitting of peaks physically, a zoomed portion of Fig. 1(a) for α = 2α 0 in the range of the the magnetic field B = (5.5 − 10.5) T, is shown in the inset of Fig. 1(a) . This splitting is an important consequence of the contributions coming from the two branches of the Rashba spin-split energy spectrum. Contributions to the phonon-drag thermopower from "+" branch and "−" branch are shown in the inset. The splitting occurs as a result of the finite phase difference between two contributions. Also the contributions are not equal in magnitude.
Comparing two panels (a) and (b) we conclude that the magnitude of phonon-drag thermopower due to DP scattering is greater than that due to PE scattering. In Fig. 2 we plot S xx due to DP scattering as a function of B at a fixed α = α 0 for different densities: n e = 3n 0 , 5n 0 and 7n 0 . Here, we consider two different temperatures T = 2 K and T = 6 K. With the increase of density number of oscillations increases. The magnitude of S xx is higher at higher value of temperature. In Fig. 3 we plot the same as in Fig. 2 for PE scattering. The rate of increment in S xx due to PE scattering with temperature is slower than that due to DP scattering.
The temperature dependence of phonon-drag thermopower for various densities is shown in Fig. 4 . We Upper and lower panels are, respectively, for T = 2 K and T = 6 K. Here, solid, dashed and dotted lines correspond to ne = 3n0, 5n0 and 7n0, respectively. have plotted S xx as a function of temperature T for a fixed value of magnetic field B = 1 T and the Rashba spin-orbit coupling constant α = α 0 . We consider both DP and PE scattering mechanisms of electron-phonon interaction separately. In the range of temperature up to T ≃ 3 K the phonon-drag thermopower shows a powerlaw dependence S xx ∼ T δe . We extract the effective exponent of the temperature dependence from the log-log plot of S xx versus T as shown in Fig. 4 . We find due to DP scattering δ e = 3.15, 3.65 and 3.45 for n e = 3n 0 ,5n 0 and 7n 0 , respectively. Due to PE scattering it is found that δ e = 1.37, 1.65 and 1.32 for n e = 3n 0 , 5n 0 and 7n 0 , respectively. The exponent δ e depends on density. In Fig. 5 we describe the temperature dependence of S xx for different values of α at fixed magnetic field B = 1 T and fixed density n e = 5n 0 . We have found the exponent δ e = 4.32, 3.65 and 3.02 for α = 0, α 0 and 3α 0 , respectively due to DP scattering. For PE scattering we find δ e = 2.25, 1.64 and 1.24 for α = 0, α 0 and 3α 0 , respectively. Analyzing Fig. 5 we conclude that the presence of strong RSOI suppresses the exponents of the temperature dependence of S xx significantly. Similar results were found recently 48 in the temperature dependence of the phonon-drag thermopower of a Rashba spin-orbit coupled 2DES with zero magnetic field. In Fig. 6 we plot S xx as a function of T for various values of B. In this case we fix n e = 5n 0 and α = α 0 . Exponents of the temperature dependence of S xx have been calculated in this case also. For DP scattering we find δ e = 3.65, 4.21 and 4.05 for B = 1, 5 and 8 T, respectively. We have δ = 1.64, 1.94 and 1.84 for B = 1, 5 and 8 T, respectively, due to PE scattering. In our previous study 48 with B = 0, n e = 5n 0 and α = α 0 we found δ e = 3.294 for DP scattering and δ e = 1.520 for PE scattering. So one can conclude that a finite amount of magnetic field is able to introduce a significant enhancement in the effective exponent of the temperature dependence of phonon-drag thermopower.
IV. SUMMARY
In summary, we have studied phonon-drag contribution to the thermoelectric power of a two-dimensional electron system confined in a GaAs/AlGaAs heterostructure in presence of both Rashba spin-orbit interaction and perpendicular magnetic field. We have considered both deformation potential and piezoelectric scattering mechanisms of electron-phonon interaction. Interaction between electrons with two-dimensional wave vector and phonons of three dimensional wave vector has been taken into consideration. Dependence of phonon-drag thermopower on an external magnetic field and temperature has been discussed thoroughly. At higher values of magnetic field splitting of peaks in phonon-drag thermopower is found at strong values of Rashba spin-orbit coupling constant. This splitting of peak is a direct effect of the Rasha spin-orbit interaction. We have also found a power-law dependence of phonon-drag thermopower on temperature. It is found that the exponent strongly depends on elctron density, magnetic field and the spinorbit coupling constant.
Appendix A
The Hamiltonian describing electron-phonon interaction can be written as
where a qs (a † qs ) is the phonon annihilation (creation) operator and C qs is the matrix element responsible for electron-phonon interaction in a particular phonon mode (q, s).
Now the square of the matrix element of H ep is given by
Here, the electron-phonon matrix elements (C qs ) are different for various scattering mechanisms. For DP and PE scattering the square of the matrix elements (|C qs | 2 ) are respectively given by |C 
where B 
Now one can convert the summation over q as q →
(1/(2π) 3 ) ddφdq z with q = q 2 x + q 2 y and φ = tan −1 (q y /q x ). Eq. (19) can be written as 2 + Γ 2 L ) as described in Eq. (6) also. At very low temperature where phonon energy ω qs is comparable with the thermal energy k B T and ω qs , k B T << ǫ F we can make the following approximation f 0 (ǫ){1 − f 0 (ǫ + ω qs )} ≃ ω qs (N 0 q + 1)δ(ǫ − ǫ F ). Also in the BG regime the intralevel and intra-branch Landau level scatterings dominate over inter-level scattering. So, we can write n = n ′ and λ = λ ′ . Now it is straightforward to arrive at Eq. (20) from Eq. (B4) by taking all the approximations into consideration.
